QUANTUM KAC-MOODY ALGEBRAS 
AND VERTEX REPRESENTATIONS 

NAIHUAN JING 

Abstract. We introduce an affinization of the quantum Kac- 
Moody algebra associated to a symmetric generalized Cartan ma- 
trix. Based on the affinization, we construct a representation of 
the quantum Kac-Moody algebra by vertex operators from bosonic 
fields. We also obtain a combinatorial indentity about Hall-Little- 
wood polynomials. 
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L Introduction 

Vertex representations of quantum affine algebras were first studied 
in IP for irreducible level one representations of quantum affine alge- 
bras of both untwisted and twisted types. With the latest realizations 
of quantum affine algebras Uq{G'^^) [0] and Uq{Fl^^) [§] all quantum 
affine algebras have been constructed explicitly at least for level one 
and some for other levels. An overview of the constructions in terms 
of quantum Z-algebras was given in [|| as well as the historic develop- 
ments circled around various constructions. 

In an abstract setting, Lusztig established the theory of highest 
weight modules for arbitrary symmetrizable quantum Kac-Moody al- 
gebras ||T0|. These are done by prescribing the actions of the Serre 
generators of the quantum Kac-Moody algebras [|l], ^ paralleled to the 
classical cases of g = 1. On the other hand in the classical case of 
g = 1, I. Frenkel [Q] had constructed a vertex representation for the 
Kac-Moody Lie algebra associated to a symmetric generalized Car- 
tan matrix in order to study root multiplicities of the hyperbolic Kac- 
Moody algebra. 

In this paper we will give a quantum generalization of I. Frenkel's 
construction for quantum Kac-Moody algebras. We first imbed the 
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quantum Kac- Moody algebra into an affinization of the quantum Kac- 
Moody algebra. Then we construct a (level one) vertex representation 
of the quantum affinization. Our construction gives a nontrivial com- 
binatorial identity (cf. ^.4|) , which is interesting by itself. This identity 
was trivial in the classical case and was avoided by using usual vertex 
operator techniques in [g]. We proved the quantum Serre relations by 
a spiral method using the representation. 

The paper is organized as follows. In section two we review the ba- 
sic definition of quantum enveloping algebras associated to generalized 
Cartan matrices. In section three we introduce a quantum Heisenberg 
algebra associated to the root lattice of the Kac-Moody algebra and 
the representation is stated thereafter. In sections four and five we set 
out to prove that the construction gives a realization of the quantum 
Kac-Moody algebra. The proof of the Serre relations is obtained by 
showing a stronger identity of vertex operators, and this latter iden- 
tity is equivalent to an identity of symmetric functions. Finally we 
remark about the connection of the combinatorial identity ( ^.4|) with 
Hall-Littlewood polynomials. 



2. Quantum Kac-Moody algebras and their affinizations 

The notation of Kac-Moody algebras essentially follows 0. Let g{A) 
be the Kac-Moody Lie algebra associated to the generalized Cartan 
matrix A = (aij), where an = 2, a^j = aji < for i,j = 1, • • • ,1. Let 
Q = Zai © ■ ■ ■ © Zai be the root lattice generated by the simple roots 
ai, = Zhi © ■ ■ ■ © Zhi the coroot lattice generated by the coroots 
hi, and = ZAi © ■ ■ ■ © ZXi the weight lattice generated by the 
fundamental weights Aj. The normalized invariant bilinear form ( | ) 
on g{A) satisfies the following properties: 



{ai\ai) = 2, {ai\aj) = aij. 



Let g be a generic complex number (that is, q is not a root of 
unity). The quantum Kac-Moody algebra is an associative algebra 
Uq = Uq{g{A)) over C(g^/^) generated by elements e,, q'^, i = 1, ■ ■ ■ ,1, 
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h e P* — Hom{P, Z) with the relations: 

q'^ = 1 for /i = 0, 

g^,?-'^ = ?('^l"^)e, and q"" fiq''' ^ q'^''^'''^ h 

fj] — ^ij ^ _ ' 

rC — fe — 



where U — q'^^ and 

[k] = [k]\ = [1][2] . . . [k], and = q'^^ 

q q 

The associative algebra Ug has a Hopf algebra structure with the fol- 
lowing comultiplication. 

A(q'') = g'^ (8) q'', A(ei) ^ei^l + U^a, A(ei) = (g) t'^ + 10 U 

Generalizing the Drinfeld loop algebra realization of quantum affine 
algebras, we introduce the following associate algebra, which is a g- 
deformation of the affinization of Kac-Moody algebra. 

The g-affinization algebra is an associative algebra Uq{g{A)) gener- 
ated by elements x^, aik, Kf, q'^ and 7 for n e Z, /c e Z — with the 
following defining relations: 

(2.1) [7±V2^^] 

(2.2) [oife, ttji] 

(2.3) [aik,Kf] 

(2.4) g'^^g-'^ 

(2.5) K,x%Kr' 

(2.6) [oife, 



= for all It e U, 

- k 

= [q^\ Kf\ = 0, 

= q^x%, q%iq~'^ = q^au, 



NAIHUAN JING 



-{ai\aj)+l 



r=0 



-{ai\aj)+l 



(2.7) 
(2.8) 

[xl{z),xj{w)] 



+ n ~ q^^"'^"'^+^''z)xf{w)xf{z) = 0, 



r=0 



q-q 



where xf{z) V^im ("^ e Z>o) are defined by 



(2.9) 
(2.10) 



m=0 

Em 

m=0 
»n=l— 

E (-1)" 

r=0,(Tg5„ 



/sTiCxp ((g - g ^) Y!k=i (^ikZ , 



m 
r 



(2.11) 



a.x,^(zi)---xf(z^) 

■ X'^{w)xf{Zr+i) ■ ■ ■xf{z^) = 0. 



where the symmetric g roup SfYi cicts on Zj's by permuting their indices. 

Theorem 2.1. The mapping Cj ^ xf^jfi x^Q,ti hh> i^'j defines an 
imbedding of the quantum Kac-Moody algebra Uq{g{A)) into the quan- 
tum affinization algebra Uq{g{A)). 

Proof. It is easy to see that and Ki satisfy the relations of Ci, fi,ti. 
The only thing needs explanation is the Serre relation. This follows 
from ( f^.ll| ) by taking the constant coefficient of w, zi, ■ ■ ■ ,Zm and not- 
ing the invariance of each term under Sm- □ 



3. FOCK SPACE REPRESENTATIONS 

The quantum Heisenberg algebra is the associative algebra generated 
by ai{n) and the central element satisfying the relations (|2.2| ).We 
will consider the level one g-Heisenberg algebra, that is 7 = g. Let 
aj(m) (i = 1, ■ ■ ■ , / , m G Z) be the operators satisfying: 

(3.1) [ai{m),aj{n)] = 6rn+n,o^^—^^^^^^^[rn]. 



where we take the limit of m if the mode m = 0. 
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We define the Fock module JF as the tensor product of the symmetric 
algebra generated by ai{—n) {n G N) and the twisted group algebra 
C{Q} generated by e", a G Q subject to relation: 

Let the element 1 be the vacuum state with the actions of ai{n): 

ai{n).l = (n > 0). 

The element aj(0) act as differential operators by 

aj(0)e" = (aj|a)e". 

Clearly this defines a representation of the g-Heisenberg algebra for 
7 = g. 

As usual we define the normal product as the ordered product by 
moving annihilation operators aj(?T,), aj(0), aj(0) {n > 0) to the left. 
Let us introduce the following vertex operators. 

(3.2) 



Xf{z) = exp(± ^n;;f^^^^^") ^^P^^ E ^g^^^-")e"^z^ 

n=l " " 



[n\ ^ n 

n=\ ^ ' n=l '■ ' 



Theorem 3.1. The space T is a Uq{g (A)) -module of level one under 
the action defined by 7 1 — ^ Q, Ki 1 — > q^-do) ^ ^.^^ , — ^ ai(m),q'^ 1 — > g^, 
and 



X. 



The proof of the theorem will occupy this and next two sections. We 
start by recalling the g-binomial functions (1 — x)^2 introduced in 0]: 

/-, _ xa ^ (g~"+^x; g^)oo 

In particular for a G we have: 

(1 - x)^2 = (1 - g-'^+^a;)(l - g-'^+^'a;) ■ ■ ■ (1 - q'^'^x) = (g-'^+^x; q\. 

For convenience we will also use the following g-analogue of binomial 
functions: 

(3.3) {z-wr,. = {l--J^.z\ 
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Under our symmetric g-numbers, the g-binomial theorem becomes: 



(3,4) 



r=0 



In particular we have 



(3.5) 



n r H 

n 



E 

r=0 



i-qT = 0, 



for i = 1 — ra, 3 — n, 



,77,-1. 



We now prove the theorem by checking that the action satisfies the 
relations of the g-affinization algebra. It is clear that the relations 
(|2.1[ - |2.5|) are true by the construction. Relation (|2.6|) follows from the 
definition of Xf(z). So we only need to show the relations (p.7| - p.8|) 
and the Serre relation (|2.11|) . 

The operator product expansions (OPE) for Xf {z) are computed as 
follows (cf. §): 



(3.6) 



XHz)Xj{w) =: Xt{z)Xj{w) : (1 - ^);i-l"^-),-(-«l".). 

where the contraction functions like (1 — gTiH)^"'!"^^^;^"'!"^^ are under- 
stood as power series inw/z. Using the notation (3^) we can combine 
the OPE into a self-suggested form: 

(3.7) Xl{z)X^;{w) =: Xtiz)X^iw) : (z - q^^^^'y^wp''^\ 

(3.8) : X^{z)X;'{w) : = (-l)(-«l-.) : X;{z)Xf{w) : . 

The operator product expansions imply immediately the commuta- 
tion relations (12.71). We will find out that there exist more detailed 



commutation relations between X- (z) and Xj (w). 

The case ofi=j in the relations (|2.8| ) follows from the case of Uq{sl2) 
. When i ^ i we have 

[XHz),Xj{w)] =: Xt{z)Xj{w) : f(l - 



W 



since the contraction functions {z — w)^"''"^"* = (— l)*-"*'"^''(w — -z)^"''"'''* 
as g-polynomials in z^w (cf. p^ ). 
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4. Q-DIFFERENCE OPERATORS AND COMMUTATION RELATIONS 

The commutation relations of operators Xf[z) and X'^iyo) can be 
improved by using ^-difference operators. 

Let f{x) be a function. The gr-difference operator Dq{x) is defined 

by 

Dq{x;q)f{x) = — . 

[q-q ^)x 

We will simply write Dg if the variable is clear from the context. 
Lemma 4.1. Dq{l - x)^^ = -[n](l - x)'^^\ 
Proof. We compute directly that 



Dg{l-x)^. 



{{q--+^x-qX-{q--x-qX) 



^ (9 - 



= 7 ^{q-"^'x- - q^'x - 1 + q-x) 

{q-q ^)x 

^-[n]{q-^^^x-qX-i 

The following result will be useful for what follows. 
Lemma 4.2. 



□ 



1 " 



(n-l)(-n+2j)/2 



i=0 



Proof. By induction on n we have 

1 



{q-q-^)x 



n-l 



{q — q ^)'^x'^ 



1=0 



n-l 



«=0 



n — 1 

i 



n — 1 
i 

,n-2-2i„ 



fiq'^-^'x) 



f{q^-'-'^x) 



J^Zr^Iy^ + {-irq(^)f{q-x) 



n-l 



i=l 

1 



n — 1 

i 



(q — q ^)'^x 



It, 



/(g"-2^a;) 



n — 1 
i-1 



f{q^-''x) 
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□ 



To state the improved commutation relation we define: 



for r = 0, ■ ■ ■ , —{ai\aj) — 1. 



Theorem 4.3. Let m = 1 — {ai\aj). On the Fock space V we have the 
following commutation relation: 

Xf{z)Xfiw) - Xfiw)Xt{z) = 0, z/ = 0; 



[z-q 



w)Xfiz)Xf{w) + {w- g±("'l"^)2)Xf = 

if {ai\aj) = -1; 



{z - g±("'l"^-)w;)Xf (z)Xf (w) + (w - q^^''^\''^h)Xf{w)X^{z) 
=:Xtiz)Xfiw): 



m-2 



^g- 3) 



r=0 



m — 2 

r 



6{wq"'-'-'''/z),zf{ai\aj) < -2. 



Proof. We only need to show the case of +. For m = 1 — {ai\aj) > 2 
it follows from CTITzD that 

=:Xtiz)Xnw): ' 



+ 



[z — q^ ^w) {z — q^ ^w) ■ ■ - {z — q^ '^w) 



{w — q^ ^z){w — q^ '^z) ■ ■ ■ (w — q"^ ^z) 
Xt{z)Xl{w) : ^ 



z/w 



: Xt{z)Xl{w) : 



m—2 ^2—m\^m—2 



^ (_iy'g('"-3){-"i+2+2r)/2 



r=0 



m — 2 
r 



m-2 



(g_g-l)™-2[^_2] ^ 



m— 2— 2r 



□ 



It is clear that the commutation relation ( |2.7| ) is a consequence of 
Theorem f|4.3|). 
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5. Quantum Serre relations 

The proof of Serre relations shows the power of our vertex representa- 
tion. As an application we obtain a non-trivial combinatorial identity. 

Lemma 5.1. Suppose that there exists a root at such that {ak\ai) = 
and (aklaj) 7^ 0, that is, au joins with aj but not with ai. Then the 
q-affinized Serre relation ( 2.11 ) associated with aij is equivalent to the 
following identity: 

(5.1) 

m=l— a,j 

r=0,(T€Sm 



m 
r 



a.xf{zi) ■ ■ ■xf{Zr)xf^ixf{Zr+l) ■ ■■xf{Zm) = 



for some I G Z and cr acts on indices of Zi 's. 

Proof. The relation ( p.!] ) is a special case of ( ^.11| ), so we only need to 
show the converse direction. Assume that ( p.l|) h olds for some / G Z. 
Taking commutator with ak{s) to (|5.1|) using (|2."^ ), we see immediately 
by induction that 



(5.2) 

m=l—aij 
r=0,a€Sm 



m 
r 



a.xf{zi) ■ ■ ■xf{Zr)xf^ixf{Zr+l) ■ --xfiZm) = 



for any I G Z. These identities are all the ly-coefficients of ( |2.11| ). □ 

We now use the quantum vertex operator calculus to prove the 
Serre relations ( [^.111 ). 

Repeatedly using ( |3.7| ) and Wick's theorem we have for m = 1 — 
{ai\aj) > 1 (we only consider the +-case): 



(5,3) Y.Y,"- 



r=0 (tGS„ 



m 
r 



X+{z,) ■ ■ ■Xt{zr)Xnw)Xt{z,+i) ■ ■ -X^z^) 



E E ^- ? ^ X+(.0 ■ ..Xt{z,)X^{w)Xt{z.^,) ■ • •X,(^„ 



r=0 (tG5„ 



n («^ - g-'^fc);.-'" = 



i<j k=X fc=r+l 

where the symmetric group Sm acts on the indices of ^j's: (j{zi) = z^(^i). 
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Pulling out the normal product : X^{x)X^{zi) ■ ■ ■ X^{zm) '■ and the 
anti-symmetric factor (under Sm action): 

m 

i<j i=l i=l 

and using (|3.6|) we find that the Serre relation is equivalent to the 
following identity: 



{w - q^-^'zi) ■■■{w- q^-'^Zr 



(5-4) EE(-i)'^^^- 

[Zr+i - q'-'^w) ■■■{z^- q'-^'w) JJl^. - Q'^Zj) = 



i<j 

Lemma says that we only need to show this identity for a special 
component under the condition that there exists a root joining with 
aj but not with Oj. The constant coefficient of w in ( p.4|) is 

a-eSm r=0 i<j 

=zi ■ ■ ■ zUq-'""^'; q')m (-l)'^''^^- n(^^ - ^"'^^•) 
=0 



where we used the g-binomial theorem (|3.4| ). 

Thus we have shown that our construction satisfies the Serre relation 
under the special condition on ai and a^, which in turn shows that the 
combinatorial indentity (|5.4| ) holds under this condition of and Uj. 
Note that the combinatorial identity depends only on hence it 

is true in general. Then we use identity (|5.4]) to remove the restriction 
on ai and aj. Hence the Serre relation is proved in general, and our 
construction indeed gives a representation of the g-affined Kac-Moody 
algebra, and in turn a representation of the quantum Kac-Moody al- 
gebra. 



6. Combinatorial indentity 

In this paper we give a realization of the quantum Kac-Moody al- 
gebra associated to the symmetric generalized Cartan matrix. As a 
by-product we obtain the combinatorial identity ( p.4|) , which seems to 
be new. The indentity can be rewritten into the following form: 
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Theorem 6.1. For any natural number m we have: 



(6-1) EE- 



[w — q 



■ {z,.+r - 'r-'wj ■ ■ ■ (z„ - q"'-'w 



m 

Kj 



Zi - q^Zj 



Zi Zi 



Note that this gives an entirely non-trivial relation for Hall-Little- 
wood polynomials defined in [|lT|: 



2 

Ai „A„ YJ Zi - q Zj. 



where A is a partition of m, and v\{q) = q^ ( 2') JIJAi]! . The collection 
of {P\\\ partitions of m} forms a Z-basis for the ring of symmetric 
functions of degree m. With some effort the notion of Pa can be ex- 
tended to m-tuples. Our identity gives a relation for all Pa when A are 
not necessary partitions. 

Although we proved the identity ( |6.1| ) by our representation of the 
quantum Kac-Moody algebra, it would be interesting to prove this 
combinatorial identity independently from quantum groups, which will 
be treated elsewhere. 

The method used in this paper can be generalized to higher level 
cases using the quantum Z-algebra method (cf. p). 
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